
CHAPTER 2

FIELD THEORY BASICS

. . . we see a number of
sophisticated, yet uneducated,
theoreticians who are conversant
in the LSZ formalism of the
Heisenberg field operators, but
[. . . ] are ignorant of the
derivation of Rayleigh’s law that
accounts for the blueness of the
sky.

Sakurai, Advanced QM

2.1 From Classical Mechanics to Field theory

The Lagrangian formalism introduced in any basic course on classical mechanics can be
extended to continuous systems involving an infinite number of degrees of freedom. This
is achieved by taking the appropriate limit of a system with a finite number of degrees of
freedom. Consider a one dimensional chain of length l made of N equal masses m. The
masses are separated by a distance a and connected by identical massless springs with force
constant k. The total length of the system is l = (N + 1)a. The displacement of the particles
with respect to its equilibrium position x̄j = ja is described by a generalized coordinate
φ(xj , t) ≡ xj(t) − x̄j with j = 1, . . . , N and φ0 = φN+1 = 0. The Lagrangian of the full
system includes the kinetic energy of the particles and the energy stored into the springs, i.e.

L = T − U =
1

2
m

N∑
j=1

φ̇2
j (t)−

1

2
k

N∑
j=0

(φj+1(t)− φj(t))2 . (2.1)

The continuous limit of the previous expression can be taken by sending N →∞ and a→ 0
in such a way that the total length of the chain, l = (N + 1)a, remains fixed. To keep the
total mass of the system unchanged and the force between particles finite we require m/a and
ka to go to some finite values µ and Y playing the role of the mass density and the Young
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modulus in the continuous theory. We have

L =
1

2

N∑
j=1

a
(m
a

)
φ̇2
j (t)−

1

2

N∑
j=0

a (ka)

(
φj+1(t)− φj(t)

a

)2

−→ L =
1

2

∫ l

0
dx
[
µφ̇2 − Y (∂xφ)2

]
,

with the finite number of generalized coordinates φj replaced by a continuous function φ(x, t).
The antisymmetric dependence of Eq. (2.2) on the derivatives suggests the introduction of a
set of coordinates xµ = (cst, x)T with cs =

√
Y/µ and a Lorentzian metric ηµν = diag(−1, 1).

This allows us to write

S =

∫
d(cst)dxL (2.2)

with
L = −µcs

2
ηµν∂µφ∂νφ , (2.3)

the so-called Lagrangian density. The jump from fields existing within a physical medium
to fields in vacuum is now straightforward: we must simply replace cs by the speed of light
c. Generalizing the metric ηµν to arbitrary dimensions, we can write a generical action for
relativistic fields as

S =

∫
ddxL (φ, ∂µφ) , (2.4)

where we have allowed for a dependence of the Lagrangian density on the fields.

Exercise
Consider again the chain of masses connected by springs. Modify the system to give
rise to an explicit dependence of the Lagrangian on φ. Hint: Eq. (2.3) is shift-invariant.

The Lagrangian density L is not unique. To see this, consider a transformation of the
form

L −→ L′ = L+ ∂σg
σ , (2.5)

and its effect on the action (2.4)

S′ =

∫
ddxL′ = S +

∫
R
ddx ∂σg

σ = S +

∫
∂R

gσdSσ . (2.6)

The term associated to ∂σg
σ turns out to be a boundary term, which does not contribute to

the equations of motion. Lagrangians differing by a contribution ∂σg
σ give rise to the same

equations of motion.

The equations of motion for the field φ(x, t) can be obtained by considering the change of the
action under an infinitesimal change φ(x, t) −→ φ(x, t) + δφ(x, t). The only requirement to
be satisfied by the variations δφ is to be differentiable and to vanish outside some bounded
region of spacetime (to allow an integration by parts). Performing this variation we get

δS =

∫
ddx

[
∂L
∂φ

δφ+
∂L
∂φ,µ

δφ,µ

]
δφ =

∫
ddx

[
∂L
∂φ
− ∂µ

(
∂L

∂(∂µφ)

)]
δφ . (2.7)

Requiring the action to be stationary (δS = 0) and taking into account that δφ is completely
arbitrary, we obtain the continuous version of the Euler-Lagrange equations

∂µ

(
∂L

∂(∂µφ)

)
− ∂L
∂φ

= 0 . (2.8)
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2.1.1 Principles of Lagrangian construction

What kind of Lagrangian density should we choose? To be in the safe side, the Lagrangian
density of a relativistic theory is required to satisfy the following requirements:

1. L must be a real-valued function, since it enters into expressions of physical significance,
like the Hamiltonian.

2. L must have dimension 4 in units of energy, since in natural units the action is dimen-
sionless and [d4x] = −4.

3. L must be a linear combination of Lorentz invariant quantities constructed from the
fields, their first partial derivatives and the universally available objects ηµν and εµνρσ.

4. The coefficients of this linear combination can be restricted by the symmetries of the
problem (internal symmetries/ gauge symmetries).

5. L should be bounded from below.

The power of the previous program is made most vividly evident by considering some
examples.

A complex scalar field with U(1) symmetry

Consider a complex scalar field

Φ = φ1 + iφ2 , Φ∗ = φ1 − iφ2 . (2.9)

The quadratic Lorentz invariants that can be constructed from Φ,Φ∗, ∂µΦ and ∂µΦ∗ lead to
a Lagrangian density of the form

L =
1

2
ηµν [a∂µΦ∂νΦ + a∗∂µΦ∗∂νΦ∗ + 2a0∂µΦ∗∂νΦ] +

1

2
[bΦΦ + b∗ΦΦ∗ + 2b0Φ∗Φ] .(2.10)

where the reality condition L = L∗ imposes the appearance of the pairs a, a∗ and b, b∗ and
requires the coefficients a0 and b0 to be real. The previous Lagrangian density can be written
in a more compact way by introducing the arrays

Φ̃ ≡
(

Φ
Φ∗

)
and Φ̃† ≡

(
Φ∗

Φ

)T
= (Φ∗ Φ) . (2.11)

to get1

L =
1

2
ηµνΦ̃†,µ

(
a0 a∗

a a0

)
Φ̃,ν +

1

2
Φ̃∗
(
b0 b∗

b b0

)
Φ̃ . (2.12)

The number of terms appearing in this Lagrangian can be reduced in those cases in which
we have symmetries on top of Lorentz invariance. As an illustration of this, imagine the field
Φ to possess an internal symmetry

Φ→ eiωΦ , Φ∗ → e−iωΦ∗ . (2.13)

1In this notation, the reality condition L = L∗ results from the hermiticity of the 2× 2 matrices.
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In this case, we necessarily have a = b = 0 and the matrices in (2.12) become diagonal. This
leaves us with a simpler Lagrangian, that with some notational adjustments, can be written
as

L =
1

2
K
[
−ηµν∂µΦ∗∂νΦ− κ2Φ∗Φ

]
. (2.14)

A direct application of the Euler-Lagrange equations (2.8) provides two uncoupled equations
for Φ and Φ∗, namely (

2− κ2
)

Φ = 0 ,
(
2− κ2

)
Φ∗ = 0 , (2.15)

that we can use to provide a physical interpretation for the parameter κ2. Indeed, setting
Φ = eikµx

µ
with pµ = (E,p) in any of these two equations, we get a dispersion relation

E2 − p2 = κ2, which makes it natural to identify the parameter κ2 with the mass m2 of the
field.

The action for the electromagnetic field

The previous analysis can be easily extended to other kinds of fields. Consider for instance
a vector field Aµ. The associated free Lagrangian density is a linear combination of Lorentz
invariant terms quadratic in Aµ,2

LA = a1∂µA
µ∂νA

ν +a2∂µAν∂
µAν +a3∂µAν∂

νAµ+a4AµA
µ+a5 εµνρσ(∂νAµ)(∂σAρ) . (2.16)

As in the scalar case, the list of operators and independent coefficients can be shortened if
there are extra symmetries on top on Lorentz invariance. The first thing that can simplify
our life is the gauge freedom in the choice of the Lagrangian density. In particular notice
that choosing gσ = εµνρσ(∂νAµ)Aρ in (2.5) allows us to eliminate the term a5 in (2.16), since

∂σgσ = εµνρσ (∂νAµ) (∂σAρ) + εµνρσ (∂ν∂σAµ)Aρ︸ ︷︷ ︸
0 by symmetry

. (2.17)

Taking this into account we are left with an action containing 4 pieces

S =

∫
d4x [a1∂µA

µ∂νA
ν + a2∂µAν∂

µAν + a3∂µAν∂
νAµ + a4AµA

µ] . (2.18)

Imagine now that Aµ is the field of a gauge theory. In that case the field configurations Aµ
and

A′µ = Aµ + ∂µχ , (2.19)

with arbitrary scalar function χ, give rise to the same physical observables. In the same way
that physicality cannot be attributed to L, we cannot make any claim about the physicality of
Aµ. Physicality might be attributed to the set {Aµ} of gauge-equivalent 4-potentials or to any
gauge invariant attribute of that set, but not to its individual elements. The transformation
property (2.19) automatically forbids3 the a4 term in Eq. (2.18) and puts some restrictions

2Quadratic actions give rise to linear equations of motion, where the superposition principle can be applied.
3It cannot be compensated by the transformation of the other (derivative) terms.
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on the other coefficients. To see this, let me split ∂µAν into its symmetric Sµν ≡ ∂(µAν) and
antisymmetric Fµν ≡ ∂[µAν] parts

∂µAν = Sµν + Fµν , (2.20)

and rewrite the action (2.18) as

S =

∫
d4x

[
a1S

µ
µS

ν
ν + (a2 + a3)SµνS

µν + (a2 − a3)FµνF
µν
]
. (2.21)

The invariance of the action under the gauge transformation Aµ → Aµ + ∂µχ requires a1 = 0
and a3 = −a2. This restriction leaves us with an action

S =

∫
d4xFµνF

µν , (2.22)

where we have omitted an overall normalization factor that can be determined by choosing
the coupling of the gauge field Aµ to matter and the units of that coupling. The equations of
motion associated with this action can be computed via the Euler-Lagrange equations (2.8)
or by varying the action with respect to Aµ. We follow the second procedure to get

δS =

∫
d4x [FµνδFµν + FµνδF

µν ] = 2

∫
d4xFµνδFµν

= 2

∫
d4xFµν(∂µδAν − ∂νδAµ) = 4

∫
d4xFµν∂µδAν (2.23)

= −4

∫
d4x∂µF

µνδAν + boundary terms ,

where we used the symmetry properties of Fµν and performed an integration by parts. Im-
posing finally the condition δS = 0 for arbitrary δAν , we arrive to the very familiar result

∂µF
µν = 0. (2.24)

The Maxwell equations in vacuum are recovered from an action (2.22) constructed with very
limited principles, namely, quadraticity in the fields, Lorentz invariance and gauge invariance.

The action for the graviton

The procedure outlined in the previous section is quite powerful. As an interesting application
for General Relativity, let me consider the action for a second rank symmetric and massless
tensor field hµν . As in the vector field case, the kinetic term is constructed out of scalars that
are quadratic in the derivatives ∂ρhµν . The most general expression will be the sum of the
different scalars obtained by contracting pairs of indices in all possible ways. The resulting
action takes the form

S =

∫
d4x [c1∂µh

ν
ν∂

µhκκ + c2∂µh
κν∂µhκν + c3∂µh

µν∂νh
κ
κ + c4∂µh

κµ∂νhκν ] , (2.25)

with c1, c2, c3, c4 some constants. These constants can be determined, up to an overall nor-
malization factor, by requiring the action to be invariant under the gauge transformations

hµν → hµν − ∂µξν − ∂νξµ . (2.26)
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Plugging (2.26) into (2.25) and performing some simple manipulations we get

S → S +

∫
d4x[−2(2c1 + c3)∂µh

κ
κ∂

µ∂λξ
λ − 2(2c2 + c4)∂µhµν�ξ

ν − 2(c3 + c4)∂µhµν∂
ν∂κξ

κ

+ (4c1 + 2c2 + 4c3 + 3c4)∂µ∂κξ
κ∂µ∂λξ

λ + (2c2 + c4)�ξµ�ξ
µ] , (2.27)

which, imposing δS = 0, provides the constraints

c2 = −c1, c4 = −c3 = 2c1 . (2.28)

Taking this into account, the action (2.25) can be written as

S =

∫
d4x [∂µh

κν∂µhκν + 2∂µh
µν∂νh

κ
κ − 2∂µh

κµ∂νhκν − ∂µhνν∂µhκκ] , (2.29)

where we have omitted an overall normalization factor that can be determined by specifying
the coupling to matter and setting the units of the coupling. The associated equations of
motion can be obtained by varying the action with respect to the field. This leads to

δS =

∫
d4x

[
2∂µhκν∂µδh

κν + 2∂νh
κ
κ∂µδh

µν + 2ηκλ∂µh
µν∂νδh

κλ

−2∂νhκν∂µδh
κµ − 2∂µhκµ∂νδh

κν − 2ηκλ∂
µhνν∂µδh

κλ
]
, (2.30)

which, integrating by parts, dropping boundary terms and renaming indices can be written
as

δS = 2

∫
d4x [−�hµν − ∂µ∂νhκκ − ηµν∂κ∂λhκλ+ ∂µ∂

κhκν +∂ν∂
κhκµ + ηµν�h

κ
κ] δhµν .(2.31)

A simple inspection reveals that the quantity inside the square brackets is nothing else than
the linearized version of the Einstein tensor Gµν

δS ∝
∫
d4xGµνδh

µν . −→ Gµν = 0 . (2.32)

The linearized Einstein equations in vacuum are recovered from an action (2.31) constructed
with very limited principles, namely, quadraticity in the fields, Lorentz invariance and gauge
invariance.

2.2 Field theory in curved spacetime

The variational approach for fields presented in the previous section can be generalized to
include the interaction with gravity. We guess the form of the action in this case with the
help of the Equivalence Principle:

• Replace the Minkowski metric ηµν by gµν .

• Replace partial derivatives by covariant derivatives (colon-goes-to semicolon rule).
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• Replace the Lorentz invariant volume element ddx by the covariant volume element
ddx
√
−g.

Since L̃ and ddx
√
−g are scalars under general coordinate transformations, the resulting

action

S =

∫
ddx
√
−g L̃(φ,∇µφ, gµν)︸ ︷︷ ︸

L

(2.33)

is guaranteed to provide covariant equations of motion. Note that the untilded quantity
L ≡

√
−gL̃ is a scalar density of weight 1.

2.2.1 The energy-momentum tensor

Consider now an arbitrary infinitesimal coordinate transformation

xµ → x̄µ = xµ + ξµ(x) . (2.34)

This transformation generates a perturbation to both the fields and the metric in such a way
that the Lagrangian density L (no tilde) becomes

L(φ+ δφ, φ,µ + δφ,µ, gµν + δgµν) ≈ L(φ, φ,µ, gµν) +
∂L
∂φ

δφ+
∂L
∂φ,µ

δφ,µ +
∂L
∂gµν

δgµν . (2.35)

Integrating by parts, we get two pieces

δS =

∫
dnx

[
∂L
∂φ
− ∂µ

(
∂L

∂(∂µφ)

)]
︸ ︷︷ ︸

=0

δφ+

∫
dnx

∂L
∂gµν

δgµν . (2.36)

The first one is associated to a particular variation δφ and vanishes when taking into account
the Euler-Lagrange equation for φ. The second term must be then equal to zero for S to
remain unchanged. The integrand ∂L/∂gµν is a scalar density. Let’s define a symmetric
second-rank tensor out of such a density

Tµν ≡ 2√
−g

∂L
∂gµν

, (2.37)

and write

δS =
1

2

∫
dnx
√
−gTµνδgµν . (2.38)

Although is tempting to simply set
√
−gTµν = 0, this condition is overly restrictive, since

δgµν refers here to a specific type of variation, not to an arbitrary one. The variation δgµν
can be however expressed in terms of the arbitrary perturbation ξµ by taking into account
that δgµν = −(ξµ;ν + ξν;µ) (notice (2.42)). This gives

δS =
1

2

∫
dnx
√
−gTµνδgµν = −

∫
dnx
√
−gTµνξµ;ν

=

∫
dnx
√
−gTµν ;νξµ −

∫
dnx

(√
−gTµνξµ

)
;ν︸ ︷︷ ︸

=0

, (2.39)
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where we have made use of the symmetry property of Tµν and integrated by parts to get
a total derivative that vanishes by assumption on the boundary of integration. Since ξµ is
arbitrary we must have

∇νTµν = 0 , (2.40)

which is a continuity equation suggesting that we can identify the tensor (2.37) with the
energy-momentum tensor of any physical system.

A common sign mistake

You will find some books giving an alternative definition of the energy momentum tensor

Tµν = − 2√
−g

∂L
∂gµν

, (2.41)

in terms of δgµν rather than δgµν . The difference in sign between these two equivalent
expressions comes from

gµνg
νλ = δµλ → δ

(
gµνg

νλ
)

= 0 → δgµν = −gµλgνρδgλρ . (2.42)

A particular case

When the Lagrangian L̃ on L =
√
−gL̃ depends only on the metric and not on the first

derivatives of the metric4, i.e. L̃ = L̃(φ, ∂µφ, gµν), it is possible to derive an alternative

expression for the energy-momentum tensor. In particular, taking into account that ∂
√
−g

∂gµν
=

1
2

√
−ggµν , we can write

Tµν =
2√
−g

∂L
∂gµν

=
2√
−g

(
∂
√
−g

∂gµν
L̃+
√
−g ∂L̃

∂gµν

)

=
2√
−g

(
1

2

√
−ggµνL̃+

√
−g ∂L̃

∂gµν

)
, (2.43)

or equivalently

Tµν = gµνL̃+ 2
∂L̃
∂gµν

. (2.44)

Exercise

Compute the energy-momentum tensor for (2.3).

4Particular cases are the lagrangian for scalar fields or that for the electromagnetic field, where the covariant
derivative reduces to the standard derivative.
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2.3 Effective Field Theories

One of the first things that we learn in physics is the ancient and widely used “spherical
cow approximation”: in order to extract information on a specific physical system, we focus
on the relevant scale of the problem while neglecting less relevant details. The career of a
theoretical physicist is full of examples of this procedure:

1. We did not have to worry about string theory when dealing with the Standard Model
of particle physics. Thank “God”!

2. We did not have to worry about the Standard Model in its full glory to know that the
sky is blue.

3. We did not have to worry about quarks and gluons when determining the energy levels
of the hydrogen atom. Indeed, we didn’t even have to worry about special relativity!
The only relevant quantities were the mass and charge of the proton, which we took
from experiments.

4. We did not worry about the specific motion of atoms within a planet to describe its
motion around the Sun.

5. etc . . .

Exercise
Don’t make Sakurai unhappy. If you don’t know why the sky is blue, revise Rayleigh
scattering in your favourite quantum mechanics book and have a look to the Kaplan’s
lectures in arXiv:nucl-th/0510023.

All the above “textbook” computations can be understood as sufficient descriptions of a
physical system up to a given accuracy. Increasing the accuracy requires the inclusion of
details that were previously ignored. For instance, a precise calculation of the hyperfine
splittings in the hydrogen atom requires to know that the proton has spin 1/2 and a nuclear
magnetic moment of around 2.79 nuclear magnetons. An even more accurate calculation
requires some knowledge of the proton charge and radius, on so on and so forth . . .

Taking advantage of scale separation in quantum field theories leads to the concept
of effective field theories (EFT). An EFT framework in high energy physics can be used in
two ways: top-down and bottom up. If the full theory is known, an EFT framework often
simplifies computations. If the full theory is unknown, the EFT framework parametrizes our
ignorance about the potential interactions and systematically classify them according to their
relative importance. In the following sections we describe these two approaches in detail.

2.4 Top-down approach to effective field theories

In the top-down approach we know a given theory in the ultraviolet (UV) but we find it
useful to have a simpler way of dealing with physics in the infrared (IR).
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For constructing the low energy theory we typically integrate out (remove) some heavy
degrees of freedom. This terminology comes from the path integral formalism, where the
process of integrating out a heavy field Ψ leaving behind a light field φ is defined in terms of
an effective action

eiSEFT[φ] ≡
∫

[dΨ]ei
∫
d4xL(Ψ,φ)∫

[dΨ]ei
∫
d4xL(Ψ)

. (2.45)

To illustrate the procedure let us consider an UV theory with Lagrangian density

L(Ψ, φ) = L(φ) +
1

2
Ψ(�−M2)Ψ + ΨF (φ) , (2.46)

where F (φ) denotes a generic combination of light fields φ. Performing a shift

Ψ(x) −→ Ψ̃(x) = Ψ(x) +

∫
d4yDF (x− y)F (φ(y)) , (2.47)

with DF (x− y) the Ψ-field Green function

(�−M2)DF (x− y) = δ(4)(x− y) , (2.48)

we can rewrite Eq. (2.46) as

L(Ψ, φ) = L(φ) +
1

2
Ψ̃(�−M2)Ψ̃− 1

2

∫
d4yF (φ(x))DF (x− y)F (φ(y)) . (2.49)

Combining this expression with Eq. (2.45) and taking into account that the shift (2.47) does
not change the integration measure, [dΨ] = [dΨ̃] we obtain

SEFT[φ] = L(φ)− 1

2

∫
d4x d4yF (φ(x))DF (x− y)F (φ(y)) . (2.50)

This expression is exact and intrinsically non-local. The appearance of nonlocality is indeed
expected since we explicitly removed some local interactions. Imagine however that we want
to use the effective action (2.50) to study the scattering of φ particles at energies well below
the Ψ mass (E �M) and without any Ψ particles in the external legs. Under these conditions
virtual particles can only have momenta p�M . This property allows to expand the Ψ field
propagator as an infinite series of local terms

DF (x− y) =
(
�−M2

)−1
δ(4)(x− y) ' − 1

M2

(
1 +

�
M2

+ ...

)
δ(4)(x− y) . (2.51)

This expansion reduces Eq. (2.50) to the local form5

SEFT[φ] =

∫
d4x

[
L(φ) +

1

2
F (φ)

1

M2
F (φ) +

1

2M4
F (φ)�F (φ) + . . .

]
. (2.52)

5Note that although energy-momentum conservation forbids the direct production of heavy particles, it
does not forbid their production as virtual particles. However, the Heisenberg uncertainty principle requires
a particle of energy ∼ M to live less than ∼ 1/M . When observed with probes with energy E � M , the
influence of these particle seems local in time.
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Equation (2.52) contains all the operators that are consistent with the symmetries of the
original theory. In particular, it involves a full set of non-renormalizable operators even if
the original theory were renormalizable. These higher-dimensional operators are suppresed by
the mass scale M , which signals the limit of validity of the effective field theory. For M →∞
the effect of the heavy field Ψ completely disappears. This is the so-called decoupling limit.
For finite M , the higher dimensional operators affect the low energy behavior of the theory
but they do it in a controllable way. Whenever the ratio E/M is small, we can achieve
an arbitrary accuracy by retaining a sufficient (but finite) number of higher dimensional
operators. Provided that one is satisfied with this finite accuracy, the effective field theory is
as good as the original theory.

2.4.1 Fermi theory

As a first application of the general effective field theory framework presented in the previ-
ous section let us consider the Fermi’s theory of weak interactions. Weak interactions are
mediated by W± or Z bosons. The interactions between these particles and the SM fermions
read

LSM ⊃
g2√

2
W+
µ J

µ
− +

g2√
2
W−µ J

µ
+ +

g2

cos θw
ZµJ

µ
Z , (2.53)

with J± and JZ the so-called charged and neutral currents and g2 ≡ e/ sin θw the SU(2)
gauge coupling with e the electromagnetic coupling and θw the weak mixing angle. The
charged currents are given by

Jµ± =
jµ1 ∓ i j

µ
2√

2
, jµa =

∑
ψ

ψ̄γµ
(

1− γ5

2

)
τa
2
ψ , (2.54)

with a = 1, 2 and τa the first two Pauli matrices.

The masses of the W± and Z bosons are around 80 GeV and 91 GeV respectively. If the
momentum exchanged in a given scattering process satisfies p2 � M2

W ,M
2
Z , then the gauge

boson propagators 1/(p2−M2) may be approximated by a constant term −1/M2 which after
Fourier transforming gives rise to a point-like interaction

Lweak
EFT = 8

GF√
2

(
Jµ+J−µ + JµZJZµ

)
, (2.55)

with

GF =

√
2e2

8 sin2 θwM2
W

= 1.166× 10−5 GeV2 . (2.56)

The charged current part in this expression (written in terms of leptons and nucleons rather
than leptons and quarks) is precisely the one postulated by Fermi to explain neutron decay.
Of course Fermi didn’t obtained this Lagrangian following a top-down approach, but rather
a bottom-up one as that described in Section 2.5.

Exercise
Use dimensional arguments to estimate the neutrino cross section following from the
effective Lagrangian (2.55). Explain why neutrinos are so hard to detect. What happens
when the center of mass energy approaches MW ?
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2.4.2 Effective theory for Nambu-Goldstone bosons I

As a second application of the effective field theory framework let us consider a system whose
dynamics is invariant under a continuous symmetry group G, but with a ground state that
is only invariant under a proper subgroup H ∈ G. These physical systems have degenerate
ground states. Indeed, if we act on the ground state with an element in G that is not in H,
we obtain a different state, but this state must be still a ground state of the system since the
dynamics is invariant under G.
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Groups and algebras

• A set G forms a group if it is endowed with an operation ? and satisfies:

1. Closure: If g1, g2 ∈ G, then g1 ? g2 ∈ G.

2. Associativity: g1 ? (g2 ? g3) = (g1 ? g2) ? g3 for all g1, g2, g3 ∈ G.

3. There exists a unit element I such that I ? g = g ? I = g for all g ∈ G.

4. Every g ∈ G has an inverse g−1 such that g−1 ? g = g ? g−1 = I.

• Given a group G, a subgroup H is a subset of G that contains I such that h1?h2 ∈
H for all h1, h2 ∈ H.

• A group is called Abelian (or commutative) if g1 ? g2 = g2 ? g1 for all g1, g2 ∈ G
and non-Abelian (or non-commutative) if there is at least one pair g1, g2 such that
g1 ? g2 6= g2 ? g1.

• A (parametric) group where the dependence of the group elements on all its
parameters is continuous and differentiable is called a Lie group. The number of
independent parameters is called the dimension D of G.

• A Lie algebra G associated with a Lie group G is obtained by expanding the group
element g around the identity element I,

g(xi) = I + i

D∑
i=1

xiT
i +O(x2) , (2.57)

with xi (i = 1, . . . , D) a set of local parameters and T i the generators of the Lie
algebra G.

• The generators satisfy

[T i, T j ] = i

D∑
k=1

f ijkT k , (2.58)

with f ijk the so-called structure constants, and the Jacobi identity

[[T i, T j ], T k] + [[T j , T k], T i] + [[T kT i], T j ] = 0 . (2.59)

• A Lie algebra satisfying Eqs. (2.58) and (2.59) can be integrated to obtain a Lie
group (Lie’s theorem). Up to subtleties, the study of Lie group can be reduced to
the study of Lie algebras.

For illustration purposes we will consider a linear sigma model

L = −1

2
∂µφa∂

µφa +
µ2

2
φaφ

a − λ

4
(φaφ

a)2 , (2.60)

for N real scalar fields φa with a = 1, . . . , N . This is a phenomenological model for light
mesons at low energy. The Lagrangian density (2.60) is invariant under global G = O(N)
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transformations
φa → Rabφ

a , (2.61)

with Rab an N ×N orthogonal matrix (with real entries). For any R ∈ O(N), detR = ±1.
If detR = 1 (i.e. if R ∈ SO(N)), it is always possible to write R = exp(M) with M a N ×N
matrix with real entries. The condition RtR = IN implies that M and M obey

M t = −M , (2.62)

meaning that M is a N × N real antisymmetric matrix. The diagonal elements of an anti-
symmetric matrix are zero. Consequently, M is automatically traceless. An elementary set
of real, antisymmetric N ×N matrices is formed by the set of matrices

[Mab]
i
j = −

(
δiaδjb − δjaδib

)
, 1 ≤ a < b ≤ N, (2.63)

where the non-zero entries of Mab have −1 in row a, column b, and +1 in row b, column
a. All other elements vanish. Alternatively, one might define the set of purely imaginary,
traceless, Hermitian N ×N matrices Tab = iMab. This is more conventional in physics.

Note that the matrices Mab (or Tab) are not all independent due to the symmetry
requirements. The dimensionality of O(N) equals the number of independent matrix elements
in M (or T), namely N(N−1)/2. Consequently, O(2) is a one parameter group, O(3) a three
parameter group etc. . .

The ground state of (2.60) is given by the field configuration that minimizes the potential.
This happens at

φaφ
a ≡ v2 =

µ2

λ
> 0 , (2.64)

which can be interpreted as a multidimensional circle. The set of field configurations (2.64)
is called the vacuum manifold. Intuitively, excitations in the radial direction require a shift
away from the minimum, while excitations along the multidimensional circle do not. Without
loss of generality we can give a vacuum expectation value to φN and not to the other fields
(we can always use the O(N) symmetry to rotate the fields to this configuration). Rewriting
Eq. (2.60) in terms of the physical fields (φ1, . . . , φN ) = (π1, . . . πN−1, v + σ) yields

L = −1

2
∂µπb∂µπ

b − 1

2
∂µσ∂

µσ − λv2σ2 − λvσ(πbπ
b + σ2)− λ

4

(
πbπ

b + σ2
)2

, (2.65)

with b = 1. . . . , N − 1. Note that the global O(N) symmetry of Eq. (2.60) is now hidden
(broken). Only the H = O(N − 1) symmetry of the πb fields is explicit. The broken O(N)
generators are

[MaN ]i j = −
(
δiaδjN − δjaδiN

)
=


0 · · · 0
...

...
...

0 · · · 1
...

...
...

0 · · · −1 · · · 0

 , (2.66)
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with a = 1, . . . , N − 1,, or equivalently [Ta]
i
j ≡ i [MaN ]i j . The unbroken generators are Mab,

1 ≤ a < b ≤ N − 1, which are the generators of the O(N − 1) subgroup.

The spectrum of the theory contains a massive scalar field σ and N − 1 massless fields πb,
the so-called Nambu-Goldstone bosons. While the σ field is a radial excitation, the N − 1
Nambu-Goldstone bosons correspond to rotations of the vector φa that leave unchanged its
length and therefore the potential energy. The number of massless fields coincides with the
dimension of the coset space6

G/H = O(N)/O(N − 1) = SN−1 , (2.67)

or if you prefer with the number of generators that were spontaneously broken

N(N − 1)

2
− (N − 1)(N − 2)

2
= N − 1 . (2.68)

We say the the Nambu-Goldstone bosons live in the coset space G/H. This particular
example can be generalized to more general symmetry breaking patterns, leading to the
Goldstone theorem.

Goldstone theorem

The Nambu-Goldstone bosons associated with the spontaneous symmetry breaking from
G → H are described by the coset space G/H and their number is dim G/H = dim
G− dimH.

Imagine that we want to describe the dynamics of the Nambu-Goldstone bosons at energies
well below the mass of the σ field. For these energies we can only excite the πb fields. To
construct the effective field theory we consider the limit in which the σ mass tends to infinity
while the vacuum expectation value v remains constant. In this limit, the Lagrangian of the
theory is reduced to the kinetic terms in Eq. (2.60) subject to the constraint (2.64), namely

L = −1

2
∂µφa∂

µφa , with φaφ
a = v2 . (2.69)

Eliminating the σ field in the square root representation

φaφ
a ≡ v2 −→ πbπ

b + σ2 = −2vσ , (2.70)

we get

L = −1

2

[
∂µπb∂

µπb +
(πb∂µπ

b)(πc∂
µπc)

v2 − πbπb

]
, (2.71)

with b and c ranging between 1 and N − 1. A simple inspection of this Lagrangian density
reveals some interesting features:

1. The Nambu-Goldstone boson Lagrangian is non-polynomial, and therefore non-renormalizable,
in agreement with the general considerations in Section 2.4.

6SN−1 refers to the N − 1 dimensional sphere.
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2. The vacuum manifold is non-linear. For this reason, this theory is called non-linear
sigma model.

3. The vacuum manifold is generically curved and does not have global set of coordinates.

4. Only gradients of the Nambu-Goldstone fields appear in the Lagrangian.

2.5 Bottom-up approach to effective field theories

In the bottom-up approach to effective field theories we do not know the fundamental theory
beyond a given scale and use the effective field theory framework to parametrize our ignorance
about possible ultraviolet completions. Typically we postulate the set of symmetries of the
IR theory that we expect to be maintained/broken in the UV and write down all possible
operators compatible with that symmetry pattern. Consider for instance a renormalizable
Z2-symmetric theory in 4-dimensions with Lagrangian density L0. The most general effective
theory LEFT respecting the φ→ −φ symmetry reads

LEFT = L0 +
∑
i

ci
Oi[φ2, φ ∂φ, (∂φ)2]

Λδi−4
, (2.72)

with δi the mass dimension of the higher-dimensional operator and ci dimensionless Wilson
coefficients. The scale Λ in Eq. (2.72) is called the cutoff scale. Assuming a unique cutoff
scale Λ is of course a simplification. Different higher-dimensional operators could arise from
exchanges of distinct heavy states within the unknown UV theory leading to different cutoff
scales.

2.5.1 Relevant, marginal and irrelevant operators

When constructing an EFT one needs to estimate the contribution of the different terms
in the effective Lagrangian and how they scale with energy. This procedure is called power
counting. For the simple effective field theories considered in this course, power counting is
the same as dimensional analysis. Consider for instance a scalar field in d-dimensions with
action

S =

∫
ddxL =

∫
ddx

[
−1

2
(∂φ)2 −

N∑
n=2

gnφ
n

]
. (2.73)

Since we are working in natural units ~ = c = 1, any quantity in this action has dimension
of mass to some power. Taking into account the mass dimension of the spacetime d-volume,
[ddx] = −d, together with the fact that the action is dimensionless in natural units, [S] =
[~] = 0, we get

[L] = d . (2.74)

Using this we can determine the dimension of the field from its kinetic term7

[φ] =
d− 2

2
. (2.75)

7This is sometimes referred to as the engineering dimension.
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and the dimension of all the gn couplings

[gn] = d− n [φ] = d− nd− 2

2
, (2.76)

Exercise

Determine the mass dimension of a vector and spinor field in d spacetime dimensions.

In a Poincare invariant theory, the correlation functions depend on the distance between
pairs of insertion points. Since we are dealing with an effective description, we will focus on
the small momenta (long distance) behavior of the correlation functions computed out of the
action (2.73),

Gn(x1, . . . , xn) = 〈φ(x1) . . . φ(xn)〉S . (2.77)

Performing a change of variables xµ = sx′µ we get

φ(x) = s(2−d)/2φ′(x′) , (2.78)

〈φ(sx1) . . . φ(sxn)〉S = sn(2−d)/2〈φ′(x1) . . . φ′(xn)〉S′ , (2.79)

with

S =

∫
ddx′

[
−1

2
(∂φ′)2 −

N∑
n=2

gns
[gn]φ′n

]
. (2.80)

Exercise

What happens in two dimensions?

The low momentum limit of the correlation functions corresponds to taking s → ∞ while
keeping x′ fixed. Taking into account the s[gn] scaling in Eq. (2.80), we can distinguish three
kind of operators:

1. Relevant operators with [gn] > 0: they become more and more important as s→∞.

2. Marginal operators with [gn] = 0: they are equally important at all s.

3. Irrelevant operators with [gn] < 0: they become less and less important as s→∞.

Not so “irrelevant” operators

Note that in practical situations we will be interested in studying the low energy dy-
namics of a given system, but not exactly at zero energy, i.e. not in the s → ∞ limit.
Despite their name, irrelevant operators generically produce small corrections.

2.5.2 Callan-Coleman-Wess-Zumino formalism for Nambu-Goldstone bosons

The constraint that restricts the Nambu-Goldstone bosons to the vacuum manifold can be
realized in many different ways. Different choices of coordinates for the vacuum manifold
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translate into different representations of the theory, all of them sharing the same physical
content. A convenient way of parametrizing the vacuum manifold is to consider an orthonor-
mal basis {T a, X ā} with T a the generators of the coset G/H and X ā a basis of the Lie algebra
of H. The Nambu-Goldstone bosons πa are introduced through the Callan-Coleman-Wess-
Zumino prescription

U ≡ eiπaTa/v , (2.81)

with v the symmetry breaking scale. Since U †U = 1, all terms constructed out of this quantity
are constant and independent of the Nambu-Goldstone fields. As in our example in Section
(2.4.2), all Nambu-Goldstone bosons must be derivatively coupled.

Let us see how U transforms under a transformation g ∈ G. The first thing we know is that
every ground state Φ can be written as

Φ = UΦ0 = eiπaT
a/v Φ0 , (2.82)

with Φ0 a fiducial ground state. Under a transformation g ∈ G, the state Φ changes to gΦ,
or equivalently

eiπaT
a/v Φ0 → eiπ

′
aT

a/v Φ0 ≡ g eiπaT
a/v Φ0 . (2.83)

As this point it would be tempting to conclude that the appropriate transformation law for
U is U → g U , but it is not so. The only thing we know for sure is that g eiπaT

a/v is an
element of G, but we do not know if it can be expressed as eiπ

′
aT

a/v. In general, it should
take the form ei(π

′
aT

a+σāX ā)/v. In order to have a well-defined linear transformation law, we
can use the fact that the vacuum is invariant under H transformations (Φ0 = hΦ0) to find a
h(g, U(x)) ∈ H such that the piece eiσāX

ā
is removed,

eiπaT
a/v Φ0 → eiπ

′
aT

a/v Φ0 ≡ g eiπaT
a/v hΦ0 . (2.84)

The action of an element g ∈ G on U is then given by

U(x) → g U(x)h(g, U(x)) . (2.85)

Note that due to the dependence of h on U this transformation is non-linear. This non-
linearity makes slightly more involved the construction of the EFT. The usual prescription
would be construct the most general effective field theory for Nambu-Goldstone bosons by
writing down all Lorentz andG invariant terms with increasing number of U derivatives. How-
ever, the basic building block U †∂µU is not invariant due to the x-dependence in h(g, U(x)),

U †∂µU → h−1(U †∂µU)h+ h−1∂µh. (2.86)

Note, however, that both sides of this equation take values in the Lie algebra of G. Using the
basis {T a, X ā} we can rewrite (2.86) as the sum of an object that transforms homogeneously
under H and an object that transforms as a covariant derivative under H, namely

U †∂µU = (pµ)aT
a + (vµ)aX

ā ≡ pµ + vµ , (2.87)

with

pµ → h† pµ h, vµ → h†(vµ + ∂µ)h . (2.88)
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The quantity pµ is suitable for constructing a G invariant effective action for the πa fields.
The only singlet that is quadratic in derivatives reads

L ∝ −v2 Tr[pµp†µ] . (2.89)

By taking more copies of pµ we can add more derivatives

L ∝ −v2 Tr[pµp†µ] +
v2

Λ2
(Tr[pµp†µ])2 + . . . . (2.90)

Note that following the standard EFT logic, higher derivative operators come with a penalty,
a suppression factor Λ. The form of pµ in these expressions heavily depends on the specific
groups G and H. For a symmetric coset space endowed with an involutive automorphism on
the generators,

T a → −T a , X ā → X ā , (2.91)

the quantity pµ is simply given by

pµ =
1

2
(U †∂µU − U∂µU †) . (2.92)

Defining a field8

Σ(x) = UŨ † = e2iπaTa/v , (2.93)

with Ũ the image of U under (2.91), we can rewrite Eq. (2.89) as

L ∝ −v
2

4
Tr|∂µΣ|2 . (2.94)

Expanding this expression in terms of the fields π ≡ πaT
a we obtain an infinity series of

non-renormalizable interactions with universal relations among them

L ∝ −1

2
(∂π)2 +

1

6v2

[
(π · ∂π)2 − π2(∂π)2

]
+ . . . (2.95)

The second term can be used to calculate the S-matrix element between π scattering.

The interesting thing about this effective description of the Nambu-Goldstone boson dynamics
is that it is only based on the structure of the vacuum manifold, i.e. it is independent of any
specific model one starts with.

8From Eq. (2.85) we see that Σ transforms linearly under G, Σ→ gΣg̃† with g̃ the image of g under (2.91).


	2 Field theory basics
	2.1 From Classical Mechanics to Field theory
	2.1.1 Principles of Lagrangian construction

	2.2 Field theory in curved spacetime
	2.2.1 The energy-momentum tensor

	2.3 Effective Field Theories
	2.4 Top-down approach to effective field theories
	2.4.1 Fermi theory 
	2.4.2 Effective theory for Nambu-Goldstone bosons I

	2.5 Bottom-up approach to effective field theories
	2.5.1 Relevant, marginal and irrelevant operators
	2.5.2 Callan-Coleman-Wess-Zumino formalism for Nambu-Goldstone bosons



