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1 INTRODUCTION 1

1. Introduction

The following is a report to a talk given in a seminar on quantum �eld theory in curved
spacetime. In the �rst part which is loosely based on Kiefer 2010, Polchinski 2005 and
Weigand 2014, we discuss the motivations for and need of a quantum theory of gravity.
In the second part, following Weinberg (2005) we de�ne the graviton by means of repre-
sentation theory of the Poincaré group as a massless spin-2 particle. Following Schwartz
(2015), we then show how implementing such a particle in a tensor �eld classically leads
to general relativity, that is the Einstein-Hilbert action.
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2. Motivations for a quantum theory of gravity

2.1 The idea of uni�cation and why Quantum Field Theory is not

fundamental

It is often said that the history of physics is one of uni�cation of our understanding and
description of nature. Beginning with Newton's insight that the laws which describe an
apple falling from a tree are the very same laws that describe the planets motion, several
times seemingly distinct phenomena turned out to have the same underlying principles
and follow the same set of rules. Less than 50 years ago, it was found that two of the
four fundamental forces, electromagnetism and the weak interaction, at high energies
merge into a single (the so-called electroweak) force. Today, it's the Standard Model on
the one hand, which includes the electroweak and strong force and Einstein's theory of
General Relativity describing gravity on the other hand that are the pillars of modern
physics. Many Physicists hope that we will eventually �nd a single theory that describes
all known fundamental forces of nature.
In the following section, we will discuss why Quantum Field Theory and General

Relativity cannot be seen as fundamental descriptions of nature, lead by Polchinski's
quote that �it is these problems, rather than any positive experimental evidence, that
presently must guide us in our attempts to �nd a more complete theory�. With this
quote in mind, we turn to the shortcomings of Quantum Field Theory:

• In the modern Wilsonian approach to renormalization, Quantum Field Theory is
thought of as a merely e�ective description of nature valid only up to energies below
an (intrinsic) cuto�. Above this cuto�, the microscopic degrees of freedom are not
correctly re�ected and the presence of UV-divergences signal an incompleteness
of the theory.

Although in renormalizable QFTs like the Standard Model the cuto� can be taken
to in�nity, this comes at the cost of having to take a (�nite) number of quantities
from experiment which are thus no predictions of the theory. Many physicists en-
tertain the hope that uni�cation could give rise to a truly fundamental, divergence-
free theory. Indeed, promising candidates for a quantum theory of gravitation like
string theory, which was proven to be UV-�nite to two-loop order, are assumed to
be free of such divergences.

• The Standard Model in particular contains about twenty free parameters like the
gauge and Yukawa couplings, which are not explained by the theory and render it
arbitrary. String Theory on the other hand does not contain any free dimension-
less parameters.

• There are questions in high-energy physics that have remained unanswered, such as
the problem of �ne-tuning or naturalness : For a scalar particle, we expect at low
energies Λ corrections to the particle's mass m2(Λ0) of the order λ(Λ0)Λ

2 where Λ0

is the intrinsic cuto�. If one takes Λ0 to be the Planck mass Λ0 ≈ 10× 1019 GeV,
one �nds for the Higgs boson a great discrepancy to the actually measured mass
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mHiggs ≈ 126 GeV, tellings us that what should be unrelated quantities have to
almost cancel to a very high precision m2

Higgs/Λ0 ≈ 10−32, which is considered
unnatural.

Another case of �ne-tuning is found in QCD, where one naturally expects a term
∼ θFαβFµνε

αβµν in the Lagrangian that for θ 6= 0 breaks CP-invariance. (To see
this, recall that each term in this sum contains only one time-derivative and thus
breaks T-invariance, while CPT is a symmetry.) However, such a CP-violation is
not found in experiment, giving an upper bound |θ| . 10−9. The �ne-tuning of θ
to a value close to zero is referred to as Strong CP-problem.

While it is of course not certain - let alone obvious - that a theory of quantum
gravity can resolve these questions, the failure of the Standard Model to �nd an
answer can be seen as a sign of the theory's incompleteness.

2.2 Do we have to quantize gravity?

Readers familiar with general relativity know that the theory unavoidably breaks down
in some circumstances due to spacetime singularities. In order to gain an understanding
of our universe near the big bang, a fundamental theory is needed. In this section we
will argue that such a fundamental theory of all forces is expected to be one of quantum
gravity.
Consider a theory with quantum �elds in a curved spacetime with back-reactions taken

into account according to the semiclassical Einstein equations

Rµν −
1

2
gµνR + Λgµν = 8πG〈ψ|T̂µν |ψ〉. (2.1)

Following Kiefer (2010), we discuss a gedanken experiment which is often put forward
as an argument why (2.1) cannot fundamentally be true: A radioactive source and two
masses connected by a spring are but in a box. Initially, there is a second connection
between the two masses that makes it unable for them to swing. The second one is
broken as soon as a radioactive decay takes place so that the masses can swing. The
box is connected to a Cavendish balance which serves as a measure of the masses'
positions. Let |0〉 and |1〉 denote the quantum states for the masses rigidly connected
and without the second connection respectively. The state |0〉 then evolves after time t
to a superposition

|ψ〉(t) = α(t)|0〉+ β(t)|1〉 (2.2)

with |α(t)|2 ≈ e−λt and |β(t)|2 ≈ 1 − e−λt where λ is the radioactive decay constant.
Thus, we have

〈ψĤ|ψ〉(t) = |α(t)|2〈0|Ĥ|0〉+ |β(t)|2〈1|Ĥ|1〉+ interference term (2.3)

where we consider only the Hamiltonian instead of the full energy-momentum tensor
due to the weak gravitational force in this setting. Due to decoherence, any interference
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would be small and we assume the last term to vanish. Hence,

〈ψĤ|ψ〉(t) ≈ e−λr〈0|Ĥ|0〉+ (1− e−λt)〈1|Ĥ|1〉 (2.4)

and looking at (2.1), we conclude that the Cavendish balance should accordingly swing
the whole time. This contradicts what's observed in experiment: the masses start swing-
ing at a certain time. If one does not �nd this argument convincing, more e�ort can be
put forward to verify (2.1) as a fundamental equation. This, however, has failed so far
and it is widely assumed that a fundamental semiclassical theory is impossible, i.e. that
gravity needs to be quantized.
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3. The Graviton

3.1 A Particle Physicist's Approach

In the following, we try to describe gravity not in terms of a curved spacetime but in
terms of particles. In analogy to the photon, assume there is a particle that mediates
the gravitational force. Since gravity follows a 1/r law, we conclude that this particle has
zero mass. (Actually, experiment merely dictates a limit m . 10−20 eV but calculations
for massive particles similar to those carried out later lead to inconsistencies and we
take the mass to be zero.) For now, there is not much more to say so we �rst review our
understanding of what a particle is.
What we usually call a particle in Quantum Mechanics is an object with certain prop-

erties like mass, spin, momentum, etc. From these, only momenta (and spin projection)
change under a Poincaré transformation. Thus, we think of a particle as a set of states
that mix only amongst themselves under Poincaré transformations, i.e. to form a repre-
sentation of the symmetry group ISO(1, 3). Since matrix elements should be Poincaré
invariant,

〈ψ′|ψ′〉 = 〈ψ|U †U |ψ〉 = 〈ψ|ψ〉, (3.1)

we need the representation to be unitary. Also, it seems obvious to restrict oneself to
irreducible representations as smallest building blocks. Following Wigner, we thus de�ne

A particle is an irreducible unitary representation of the Poincaré group.

Of course, everyone knows plenty of (�nite-dimensional) representations of the Poincaré
group, say Lorentz vectors V µ transforming as

V µ 7→ Λµ
νV

ν (3.2)

under a Poincaré transformation xµ 7→ Λµ
νx

ν + aµ. These are not unitary though.
Wigner's famous theorem ensures that such representations exist:

Theorem. A Poincaré transformation

xµ 7→ Λµ
νx

ν + aµ

induces a unitary transformation

|ψ〉 7→ U(Λ, a)|ψ〉 (3.3)

in the physical Hilbert space.

Since the Poincaré group is a Lie group, let's have a look at its unity's tangent space:
An in�nitesimal a Poincaré transformation is

xµ 7→ (δµν + ωµν)x
ν + εν
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and the Lorentz condition ηµνΛ
µ
δΛν

σ = ηδσ demands ωµν = −ωνµ. Thus, we have (4 ×
4 − 4)/2 + 4 = 10 independent parameters and therefore 10 group generators. The
corresponding unitary transformation to linear order is

U(1 + ω, ε) = 1 +
i

2
ωµνJ

µν − iεµP µ.

Since ωµν is antisymmetric, J
µν can be taken antisymmetric too as its symmetric part

would drop out of the sum. We thus have six independent tensor elements in Jµν which
we group as

Ji = (J23, J31, J12), Ki = (J01, J02, J03).

From the behaviour of J and P under Lorentz transformations, one �nds the following
commutation relations:

i[Jµν , J%σ] = ην%Jµσ − ηµ%Jνσ − ησµJ%ν + ησνJ%µ

i[P µ, J%σ] = ηµ%P σ − ηµσP %

[P µ, P ν ] = 0 (3.4)

and in particular

[Ji, Jj] = iεijkJk. (3.5)

Hence, we identify Ji as angular momentum operator and P 0 and P i as energy and
three momentum respectively. Finite translations and rotations are thus represented on
physical Hilbert space by operators

U(1, a) = e−iPµa
µ

, U(R(θ), 0) = eiJiθi (3.6)

Having looked into the Poincaré group, we will now see how we can classify one-
particle states according to their transformation properties under this group and �nd its
irreducible representations.
Let |p, σ〉 denote a vectors in a one-particle Hilbert space which are eigenstates of the

4-momentum operator (remember that it's components all commute). Here, �σ� is a
discrete label for all remaining degrees of freedom.
For such a state of momentum pµ, Lorentz transformations leave p2 invariant:

P µU(Λ, a)|p, σ〉 = P µ|Λp, σ〉 = (Λp)µ|Λ, σ〉, (Λp)2 = p2. (3.7)

Since the sign of p0 is also unchanged, these states fall into six distinct classes (sign
convention is s.t. p2 = m2):

1. p2 > 0, p0 > 0 4. p2 = 0, p0 < 0
2. p2 > 0, p0 < 0 5. pµ = 0
3. p2 = 0, p0 > 0 6. p2 < 0
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It turns out (a detailed discussion on this can be found in Weinberg (2005), 2.5)
that choosing a pµ that belongs to one of these classes, we only need to consider the
subgroup of Lorentz transformations, that leave pµ invariant, the so-called little group.
A representation of this subgroup then induces one of the whole Poincaré group.
We are clearly interested in the case p2 = 0, p0 > 0. Let kµ = (1, 0, 0, 1). The corre-

sponding little group ISO(2) consists of translations and rotations in two dimensions.
Thus, a W (α, β, θ) ∈ ISO(2) depends on three parameters. The corresponding unitary
transformation now reads

U(W (α, βθ)) = 1 + iα(J2 +K1) + iβ(−J1 +K2) + iθJ3 =: 1 + iαA+ iβB + iθJ3.
(3.8)

One can show (cf. Weinberg (ibid.), 2.5) that non-zero eigenvalues for A and B would
lead to a continuous degree of freedom which is not observed for massless particles and
we thus demand A|p, σ〉 = 0 = B|p, σ〉 for physical states. We conclude that there is
only one operator's eigenvalue left to distinguish massless particles:

J3|k, σ〉 = σ|k, σ〉. (3.9)

Although it's not clear at this point, topological considerations restrict σ to be half-
integer or integer valued. Since we have chosen k to point in 3-direction, σ clearly is
the component of angular momentum in direction of the particle's motion - also called
helicity or - for a massless particle - its spin.
We call the particle with σ = ±1 the photon and the one associated with σ = ±2 the

graviton.

3.2 Why Massless Spin 2 = Gravity

In the preceding section, we de�ned the graviton as a massless spin-2 particle within
the representation theory of the Poincaré group. We will now attempt to construct a
�eld theory of such a particle by implementing it in a symmetric tensor �eld hµν(x)
(which necessarily has spin 2). First, we consider a massive �eld and eventually restrict
to m = 0.
Decompose hµν as

hµν = hTµν + ∂µπν + ∂νπν (3.10)

with some vector �eld πµ(x) such that ∂µhTµν = 0 and hµν is invariant under a combined
shift

hTµν → hTµν + ∂µαν + ∂ναµ, πµ → πµ − αµ (3.11)

From the perspective of hTµν , this is simply a gauge transformation.
We further split:

πµ = πTµ + ∂µπ
L, ∂µπ

Tµ = 0 (3.12)
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The idea behind this decomposition is the following: A massive spin-2 particle has �ve
polarizations, two transverse �stored� in hTµν and three in the longitudinal part πµ. In
the massless case, only the transverse ones survive.
Let's make a general ansatz for the kinetic term (i.e. two derivatives):

L = ahµν∂
2hµν + bhµν∂

µ∂σhνσ + ch∂2h+ dh∂µ∂νh
µν

+m2(αhµνh
µν + βh2), (3.13)

where h is the trace and a, ..., d, αβ are coe�cients yet to be determined. Inserting
the above decomposition for hµν and πµ, we �nd some ∂4-kinetic terms which lead to
negative-norm states.
In order to maintain unitarity, these terms have to cancel, which �xes the coe�cients

as

L =
1

2
hµν∂

2hµν − hµν∂µ∂σhνσ + h∂µ∂νh
µν − 1

2
h∂2h+

m2

2
(hµνh

µν − h2) (3.14)

In the massless limit, this reduces to

L =
1

2
hµν∂

2hµν − hµν∂µ∂σhνσ + h∂µ∂νh
µν − 1

2
h∂2h. (3.15)

which we recognize as the Einstein-Hilbert Lagrangian to linear order. As we will see,
adding interactions in a consistent way leads to General Relativity.
The �elds πµ have no kinetic term and thus should not appear in any interactions

which is just the statement that

hµν → hµν + ∂µπν + ∂νπν

is indeed a gauge transformation. For some coupling hµνT
µν , we have

hµνT
µν → hµνT

µν + 2∂µπνT
µν for hµν → hµν + ∂µπν + ∂νπν (3.16)

and integrating by parts, we conclude ∂µT
µν = 0, i.e. a massless spin-2 �eld couples to

a conserved current.
Let's add an interaction term

Lint =
1

2
hφ (3.17)

with some scalar �eld φ to our Lagrangian.Since hµν → hµν + ∂µπν + ∂νπµ leads to
Lint → Lint + ∂µπνφ, we need to add a term to our Lagrangian and let φ transform too
in order to cancel the π-part (after integrating by parts):

Lint = φ+
1

2
hφ, hµν → hµν + ∂µπν + ∂νπµ, φ→ φ+ πµ∂

µφ (3.18)
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This Lagrangian is invariant under the above transformations ignoring terms with
more than two �elds. To cancel those, we have to keep adding terms to the Lagrangian
and adapt the transformation properties of the �elds. The Lagrangian

L =

(
1 +

1

2
h+

1

8
h2 +

1

16
h3 · · ·

)
φ (3.19)

is now invariant with hµν and φ transforming as

hµν → hµν + ∂µπν + ∂νπµ + πσ∂σhµν + (∂µπ
σ)hσν + (∂νπ

σ)hµσ

φ→ φ+ πσ∂σφ (3.20)

up to terms linear in π. For invariance up to second order, let we let

φ→ φ+ πσ∂σπ +
1

2
πσπ%∂σ∂%φ (3.21)

and modify the transformation of hµν accordingly. This is - of course - simply a coordi-
nate transformation to second order - the full transformation for φ being

φ→ φ(xσ + πσ) (3.22)

which (with corresponding transformation of hµν) renders the Lagrangian invariant to
all orders. We recognize the above expansion in the Lagrangian as coming from a square
root:
The Lagrangian we uniquely derived for a massless spin-2 particle including an inter-

action with a scaler φ added in a consistent way is

Lint =

√
− det

(
ηµν +

1

Mpl

hµν

)
φ. (3.23)

The same way, our kinetic term from before becomes

Lkin = M2
pl

√
− det

(
ηµν +

1

Mpl

hµν

)
R

[
ηµν +

1

Mpl

hµν

]
(3.24)

which is the Einstein-Hilbert Lagrangian of general relativity.
The factors of 1/Mpl were inserted for the following reason: Since the Ricci scalar

contains two derivatives, the Einstein-Hilbert action

SEH =
M2

pl

2

∫
d4x
√
−gR

is dimensionless - like it is supposed to be. Expanding gµν = ηµν + hµν yields a kinetic
term M2

pl/2(∂h)2 which is not normalised in the same way we usually do it in QFT - cf.
for example

L =
1

2
(∂φ)2. (3.25)
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Thus, for the kinetic term's coe�cient to be dimensionless, we need to rescale hµν →
hµν/Mpl.
The idea that a massless spin-2 particle leads to gravity plays an important role in

arguing that String Theory indeed is a theory of quantum gravity, since such a particle is
found in the closed string's mass spectrum. One �nds that allowing for a curved metric
in the string's action is equivalent to having a coherent state of graviton excitations as a
background. Preserving conformal invariance (which is pivotal in String Theory) leads
to the Einstein equations and higher order corrections.

3.3 The Problem of Non-Renormalizability

We have seen that the graviton (like the photon) arises within the representation theory
of the Poincaré group as a massless spin-2 particle and that it (classically) leads to general
relativity, i.e. the Einstein-Hilbert action (now including a cosmological constant term)

S =
M2

pl

2

∫ √
−g(R− 2Λ), gµν = ηµν +

1

Mpl

hµν (3.26)

Unfortunately, this action is not renormalizable. To see this, we expand (omitting the
Λ term and remembering that the Ricci scalar contains two derivatives), schematically:

S =

∫
(∂h)2 +

1

Mpl

(∂h)2h+
1

M2
pl

(∂h)2h2 + · · · . (3.27)

What we �nd is an in�nite amount of interaction terms whose couplings have negative
mass dimension and thus render the theory is power-counting non-renormalizable.
As an example, let's have a look at a diagram containing I graviton propagators and

V 3-graviton vertices

• Each propagator comes with a factor 1/k2 and vertices are ∼ k2. Each loop gives
a factor of d4k.

• The super�cial degree of divergence is D = 4L+ 2V − 2I and using the standard
identity L = 1 + I − V we �nd

D = 4L+ 2 + 2I − 2I − 2L

= 2 + 2L > 0. (3.28)

Hence, we have an in�nite number of divergent Feynman diagrams.
There are two things left two say. First, the divergencies occuring in non-renormalizable

theories can be removed just like in the renormalizable case by adding counter-terms to
the Lagrangian. Only this time, an in�nite number of terms is needed. However, this
does not necessarily mean that the theory is not predictive - as long as we restrict
ourselves to low energies. For example, one can calculate a quantum correction to the
perihelion shift of Mercury (it's roughly one part in 1090, cf. Schwartz (2015)). Second,
Quantum Gravity can - of course - turn out to be non-perturbatively renormalisable.
As already mentioned, String Theory, is assumed to be free of UV-divergences.
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