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1 Introduction.

This report is a brief introduction to the AdS/CFT correspondence and how can it be used to solve the loss information
problem. It is structured as follows: Section 2 describes in an abstract way the problem of loss of information and
the related problem loss of unitarity and some attempts of solutions not concerning the correspondence, while Section
3 the main aim of AdS/CFT in explained. Section 4 is an overview of classical and quantum physics in AdS2 and
a straightforward generalisation to higher dimmensions, where QFT in this spacetime can be defined. Eventually,
Section 5 states the axioms of a general CFT and compute the correlator of a CFT living in the boundary of AdS
spacetime.

I followed closely [1] as well as [2].

2 BH physics and loss information problem.

In 1973, Bardeen, Carter and Hawking showed [3] that the laws of black hole (BH) mechanics, derived with General
Raltivity, are formally equivalent to the laws of Thermodynamics. With this for laws and the no-hair theorem,
BHs can be described with a small collection of parameters such as its mass M , angular momentum J , etc. This
description as a thermodynamic system lead to the concept of BH entropy and BH temperature. Indeed, given the
Einstein-Hilbert action with the Gibbons-Hawking-York Boundary term Γ[gµν ] with a saddle point (see [4] for explicit
computations):

SBH = β
∂Γ

∂β

∣∣∣∣
Saddle

− ΓSaddle with β ∝ T−1
BH .

Hawking showed that BH must radiate due quantum effects. The Hawking radiation must be, actually, the one corre-
sponding with black body radiation at TBH , therefore thermal radiation. By this process, and under the assumption
that General Relativity holds at every scale, BHs shrink and at some point all the mass of the BH is radiated via this
Hawking radiation.

By whatever matter which had formed the BH, its information (its quantum state) is a priori storaged in the BH
interior, not accessible from the outside as a consequence of the no-hair theorem. If the BH shrinks and radiate
thermally (so, this radiation has no correlations and cannot carry information) until it vanishes, all the information
contained in the BH should vanish with it. The information of the matter that formed the BH is lost.

2.1 Precise statement of the problem and classical solution.

The definition of information at a physical level is not well estabished . Some attempts relie on the correlations and
entanglement of quantum systems. The most accepted approach to information comes from the Theory of Quantum
Information (a review on classical and quantum information theory can be found in [5]) which relates the information
with the entropy of a quantum system.

By the process of evaporation of BH we can consider three cases:

• Information is conserved. The General Theory of Relativity breaks down at some scale and a quantum description
of gravity is needed. This approach lead to theories of Quantum Gravity as String Theory and Loop Quantum
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Gravity.

• Information is conserved but BH are not completely black. General Relativity breaks down at some scale. Super-
or sub-luminic corrections to the dispertion relations can be applied. Semiclassical approaches to gravity follows
this lines. BH in this view are very compact objects.

• Information is not conserved. Loss of information will lead in loss of unitarity. QFT breaks down at some scale.
Some authors as Susskind relate a loss of unitarity with the violation of the conservation of energy, however the
relation relies in assumptions that still are argued (c.f. [6] and references therein.)

Together with the loss of information comes the interpretation of the BH entropy. We have chosen Boltzman entropic
functional, which, in statistical physics, let us calculate the (Boltzman) entropy via the arrangement of microstates
of the system. But in a BH there are no obvious microstates. Even more, Boltzman entropy is not proportional to
the volume of the BH, but to the area. The extensivity of this entropic functional for BH is not clearly determined (a
discussion on Boltzan functional and its use in gravitation, as well as the Tsallis entropy for a black hole in [7]).

Maldacena proposed that information is conserved, but Hawking radiation is not completelly thermal. The information
is encoded in small corrections of order O(e−S) being S the enthropy:

ρpure =
1

Z
e−βH + ρcorrectione

−S ⇒ Tr(ρpureA) =
1

Z
Tr(e−βHA) +O(e−S)

for a large class of observables A being H the hamiltonian and Z =
∫
D[gµν ]e−Γ[gµν ] the partition function. But this

can not answer completelly for the loss of information. The EFT is not precise enough, so a quantum theory of gravity
is needed.

3 Holographic principle partial solution of the information loss prob-
lem.

The general statement of the AdS/CFT correspondence is that the Hilbert space of a theory of Quantum Gravity
formulated in an asymptotically Anti-deSitter (AdS) spacetime in d + 1 dimensions is isomorphic to a Conformal
Field Theory (CFT) in d dimensions formulated as a Yang-Mill theory without gravity. Even more: all the global
symmetries can be matched between them. If it is the case we say that the two theories are dual.

A UV-complete theory of quantum gravity in AdS corresponds to an exact CFT, and an incomplete description of the
former will leave an effective CFT:

• Objects in AdS will arise as irreducible representation of the conformal group.

• Principles in AdS like the ’Cluster descomposition principle’ are theorem (can be proven) in the CFT.

• Because the CFT is completelly determined by its symmetries its spectrum is known. This will let approximate
the spectrum of the quantum gravity theory in AdS at low energies.

The egregious and most celebrated example of this conjecture was provided by Maldacena (c.f. [8]): A type IIB
Superstring Theory formulated in AdS5 × S5 (where the 5 dimensions of S5 are compactified, so the gravity theory is
effectivly 5 dimensional) is dual to a Super Yang-Mills (SYM) theory with gauge group SU(N) for large N and N = 4
generators of supersymmetry in 4 dimension. Other example [9] that can provide a reasonable model for gravity is
given by AdS4 × S7 dual to a N = 6 superconformal Chern-Simons theory with gauge group SU(N) × SU(N) in 3
dimensions.

If the conjecture is correct the loss information problem is partially solved. A theory with gravity is hard to solve
because the non-linearities. But its dual is a YM theory with conformal symmetry which is much more tractable. The
state of a Black hole in the AdS theory is represented by certain state in its dual CFT. Since the last has unitary
evolution, whatever happened to the BH must be through a unitary process: there is not loss of unitarity so the
information can not be lost.

Whith this proccedure we could say that there is not information lost, however one of the flaws of the conjecture is
that it does not solve the problem but shifts its. There is no loss of information, but the physical process throug the
information is not conserved is unknown.

Some authors remark that is not unknown, is intractable. Having the CFT theory, the dual quantum gravity theory
is also solved, and the small correlations could be computed. This calculations should be accurate enough since we
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would have the complete theory and not an EFT. BH evaporation and the computation of the correlations in the
radiation is analogous to burning a piece charcoal: All the process involved are unitary but the precise state of the
charcoal is encoded in the correlation between the molecules of the smoke and the photons. In principle is posible to
recreate the initial state, but the computation is practically imposible (see [2]).

Other proble concerns locality. Since a theory of gravity is invariant under diffeomorphisms, all the observables of
the spacetime must be integral over the whole spacetime. But if the observables can not depend in the spacetime
coordinates, is not obvious how the locality of the CFT is preserved (discussion in [4]).

4 AdS spacetime.

AdS spacetime is a maximally symmetric spacetime Λ-vacuum solution of Einsteins field equation with negative
curvature Λ < 0. A (d+1)-dimensional1 AdS spacetime (AdSd+1) can be naturally embedded in Rd+1 as an hyperbolic
(hyper-)surface:

X2
0 +X2

d+1 −
d∑
i=1

X2
i = −R2, (1)

where R is a typical length in the spacetime. A suitable atlas to describe the spacetime is given by the following
parametrization:

X0 = R cos t
cos ρ

Xd = R cos t
cos ρ

Xi = R tan ρ Ω̂i

 ds2 =
1

cos
(
ρ
R

) (dt2 − dρ2 − sin2
( ρ
R

)
dΩ2

d−1

)
. (2)

In this coordinates t will play the rol of the time coordinate and will run over R, ρ ∈ [0, π2 ], and Ω̂i represent the
coordinates of Sd−1. Using this patch the relative metric (pushforward of the flat metric in the embedding space)
can be calculated. In this coordinates, AdS can be pictured as the interior of a cylinder (cartesian product with the
(d− 1)-sphere) where ρ is the radial coordinate (see Figure 1). Notice the variable is rescalated to set R = 1 wich is
a usual election in the literature. From now on this choice will hold, every variable ρ must be understood as ρ

R unless
an explicit R appears.

Figure 1: AdS spacetime

Notice that although the range of ρ is finite, the distance between any point of the interior of the cylinder (which
will be called ”bulk” in the sequel) and a point in the boundary is infinite due the conformal factor cos−1

(
ρ
R

)
in the

metric. AdS is not a compact space, but it admits a compactification (given, for example by this patch).

The symmetries of this spacetime can be computed via direct calculation of the Killing algebra: since Sd−1 can be
factored out, we can expect the subgroup of rotations SO(d− 1) and its asociated Killing vectors as a subset of AdS
Killing algebra. In global coordinates is also an obvious time translation symmetry.

1Since this work focuses in the correspondence between AdS and a CFT in the boundary, is natural in the literature to work in d + 1
dimensions in the AdS parte, because it will lead to a d-dimensional CFT.

3



However is easiest to compute the symmetries is work in the embedded representation of AdSd+1 in Rd+2 given by
(1). If we represent the constraint in a matricial form:

R2 =
(
X0 X1 . . . Xd+1

)

−1 0 · · · 0
0 1 · · · 0
...

...
. . . · · ·

0 0 · · · −1




X0

X1

...
Xd+1

 = ~XTΛ ~X,

the isometries (i.e. the Killing algebra) are the transformations of the coordinates that leaves the matrix Λ invariant.
All of those are simply rotations of the Xµ coordinates: 1

2d(d−1) rotations concerning Xi coordinates (1 ≤ i ≤ d), one
single rotation between X0 and Xd+1, and 2d rotations, equivalent to boosts, between Xi and X0 and Xd−1.

Iso(AdSd+1) ≈ SO(2, d) dim (Iso(AdSd+1)) =
1

2
d(d− 1) + 1 + 2d =

1

2
(d+ 2)(d+ 1).

The generators of infinitesimal transformations associated are represented as usual: LAB = XA∂B − XB∂A. Notice
that:

• The generator of spatial rotations is given by Lij , components of the angular momentum (group SO(d)).

• The generator of rotations between time coordinates is also the generator of time translations in AdS. Indeed,
using the global patch coordinates (2):

∂t = (∂tX
0)∂0 + (∂tX

d+1)∂d+1

= (∂tR
cos t

cos ρ
)∂0 + (∂tR

sin t

cos ρ
)∂d+1

= (R
sin t

cos ρ
)∂0 + (∂tR

cos t

cos ρ
)∂d+1

= (Xd+1∂0 +X0∂d+1

∂t = Ld+1
0 . (3)

Then Ld+1
0 is the Hamiltonian of the system.

Other coordinate patch exist which is broadly study in relation with QCD and holography: the Poincaré patch.
I this coordinate system the Ld+1

0 is the generator of dilatations. A complete description of this coordinates, as
well as the global patch in lorentzian and euclidean signature in [1].

4.1 First quantization in AdS.

Consider the action of a particle of mass m:

S = m

∫
dτ = m

∫
dα

√
gµνẊµẊν , ,

where, as usual, τ is the proper time, α is an affine parameter, and Ẋ = dX
dα . Without loss of generality we can take

α = t. In order to keep the result clear it is preferable to study the case of AdS1+1, in which the coordinates of a
particle are described by (t, ρ(t)):

S =

∫
dtL(ρ, ρ̇, t) = m

∫
dt

√
1− ρ̇2

cos ρ
⇒ Pρ = −m ρ̇

cos ρ
√

1− ρ̇2
⇒ H =

√
m2 + cos2 P 2

ρ

cos ρ
=

√
P 2
ρ +

m2

cos2 ρ
. (4)

By Dirac prescription, we can quantize imposing [ρ̂, P̂ρ] = i and, as usual this leads to Ĥ = i∂t and P̂ρ = −i∂ρ. Hence,
on a suitable space of functions:

−∂2
t ψ = Ĥ2ψ =

m2

cos2 ρ
ψ − ∂2

ρψ ⇒ −∂2
t ψ + ∂2

ρψ =
m2

cos2 ρ
ψ ⇒ �ψ = m2(ρ)ψ .
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This is a KG equation with a mass dependent of the radial coordinate, whose solution was investigated in previous
works. In AdS2 we have three generators of symmetries. Using the definition of those generators in the global
patch:

L0
1 = − sin t sin ρ∂t + cos t cos ρ∂ρ

L0
2 = ∂t

L1
2 = cos t sin ρ∂t + sin t cos ρ∂ρ

⇒ [L0
2, L

0
1] = −L1

2 [L0
2, L

1
2] = L0

1 [L0
1, L

1
2] = −L0

2.

Those are the commutation relations of SO(1, 2) and are similar to those of the simple harmonic oscilator. Following
the spirit of the SHO quantisation (see ), if we define D = L0

2, P = 1
2 (L0

1+iL1
2), and P = 1

2 (L0
1+iL1

2), we obtain:

[D,P ] = iP [D,K] = −iK [K,P ] = iD,

D is the hamiltonian and the eigenstates can be labeled by its eigenvalue, P plays the rol of the creation operator while
K is the annihilation operator. Via a plausible rescalation of this operator we can get rid of the prefactors i.

Operator Coordinates AdS SHO analogous
D ∂t Time-translation and dilatation H
P 1

2e
it(cos ρ∂ρ − sin ρ∂t) Boost a†

K 1
2e
−it(cos ρ∂ρ + sin ρ∂t) Boost a

The ground state, usually called ”primary state”, will satisfy K|Ω〉 = 0, D|Ω〉 = ∆|Ω〉 and the Hilbert space can be
spanned as |n〉 ∝ Pn|Ω〉, so the energy of the level n will be E = ∆ + n. So a functional form for the ground state
can be worked out.

In higher dimensions we can find too this analogy between SHO and particles in AdS, but the subgroup SO(d) of
rotations will give extra operator of angular momentum. The commutations relations can be computed and the ground
state can be solved and the energy of an excited state will depend also on the angular momentum E = ∆ + 2n + l.
Note also that in higher dimensions we will have d different rising operators and d lowering operators, corresponding
to the 2d boosts in SO(2, d) and the eigenstates should be described by three quantum numbers: n, l, J .

Note on the second quantisation: The canonical second quantisation does not offer much difference against the
quantisation of scalar fields in flat spacetimes. The solution of a field will be the sum of two complex conjugated
functions (worked out via KG equation) after defining creation and annihilation operators:

φ =
∑
n,l

ψn,l,J(Xµ)an,l + ψ†n,l,J(Xµ)a†n,l (5)

ψn,l,J = Ne(∆+2n+l)tYl,J(Ω)

[
sinl ρ cos∆ ρ 2F1

(
−n,∆ + l + n, l +

d

2
, sin2 ρ

)]
,

and 2F1(a, b, c, d) is the hypergeometric function. The main change comes from the normalisation of the wavefunctions
since:

(ψn,l,J , ψn′,l′,J′) =

∫
AdS

ddx
√
g (ψn,l,J∂tψn′,l′,J′ − ∂tψn,l,Jψn′,l′,J′) .

A detailed calculation can be found in [1].

5 CFTs.

A conformal transformation is a diffeomorphism between two metric manifolds (M,g) → (M′,g′) which satis-
fies:

gµν → g′µ′ν′ = Λ′µµ Λ′νν gµν = eω(x)gµ,ν .

It is trivial to check that all two dimensional metric manifolds (with regular metric) are isomorphic. An infinitesimal
conformal transformation x′

µ
= xµ − εµ(x) must satisfy:
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ω(x) =
2

d
∂µεµ(x)

∂µ∂
µω(x) = 0

[gµν∂σ∂
σ + (d− 2)∂µ∂ν ]ω(x) = 0. (6)

From the last equation we can observe that the case d = 2 is special; one of the constraints vanishes. In fact the result
algebra is infinite dimensional (Virasoro algebra), very used in string theory where the worldsheet is two dimensional.
Furthermore, it can be shown that every 2-dimensional manifold with regular metric is conformally equivalent to a flat
metric. In the literature about the correspondence AdS/CFT the example of AdS3/CFT2 is recurrent: the Virasoro
algebra let us compute observables easier thanks to the amount of symmetries of the theory (a particularly accesible
description form String Theory point of view in [10]).

5.1 The conformal group.

Notice because a conformal transformation rescale the metric, distance are also rescaled. However the angles between
vectors remain invariant. By solving the equations (6) we obtain the set of infinitesimal conformal transforma-
tions:

• Translations x′ = x+ a.

• Lorentz transformations, i.e. rotations and boosts x′µ = Mµ
ν x

ν with Mµν = −Mνµ.

• Dilatations x′
µ

= αxµ with α ∈ R.

• Special conformal transformations x′
µ

= xµ + 2(xσbσ)xµ − (xσxσ)bµ.

We can see the conformal group as an extensión of the Poincaré group (adding dilatations and the special conformal
transformation). Applying succescivelly each one of those transformations we can get the group of finite conformal
transformations which can differ from its infinitesimal version. In fact the global special conformal transformation
takes the form:

x′
µ

=
xµ − x2bµ

1− 2b · x+ b2x2
.

Given the vector bµ exists an event in the spacetime for which the expresion diverges (the root of the denominator).
In order to solve this problem we must work in a compactification of the spacetime where the infinite is defined as
a point of the manifold (typically Alexandroff compactification is used2. But is important to notice that the group
of infinitesimal transformations is well-defined everywhere, while the group of finite conformal transformations (the
conformal group) takes in account the topology of the manifold.

In Alexandrov compactification we will have then, for a d-dimensional spacetime: d translations generators, 1
2d(d− 1)

rotations and boosts generators, 1 dilatation generator and d special conformal transformation which gives in total
1
2 (d+ 1)(d+ 2). The conformal group algebra (which must have the same dimension as the group itself) has the same
dimension as the group (the algebra) of isometries of AdSd+1. Since up to isomorphisms two simply connected Lie
groups have the same Lie algebra, we can conclude that Iso(AdSd+1) ≈ SO(2, d).

5.2 Axioms of general CFTs.

A conformal field theory is a theory invariant under the group of infinitesimal conformal transformations. Because a
conformal transformation does not keep the distances invariants, a CFT can not have any charachteristic distance: in
particular dilatation will play a crucial rol in the theory.

The basic object of the theory are the fields O(xµ). Consider a dilatation in one particular axis x′
µ

= αxµ. If a
classical field (i.e. not its quantized version) is a homogeneous function of degree h we define h as the conformal
dimension of the field:

O(α0x
0, · · · , αdxd) = (α0)h0 · · · (αd)hdO(x0, · · · , xd).

2Alexandroff compatcification is also called One-point compatification or Alexandroff extension, in which one provides an embedding of
the manifold onto other manifold that differs only in a point, typically denoted as ∞
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Let O satisfy this property with conformal dimension hO = (h0, . . . , hd). O is called primary field if it transforms as
a tensor under a conformal transformation f :

x′ = f(x)

O′(x′) =
(
∂f
∂x0

)h0

· · ·
(
∂f
∂xd

)hd
O(x)

.

Because primary fields are tensors, by lineality this implies that any correlation function between primary fields
transforms also in the same way. Primary fields are the defining object of a conformal field theory. In fact one
can describe a CFT from a classical action S[Oi] and via path integral define the quantize theory by its correlation
functions, as in any other QFT. Conformal invariance is a very restrictive symmetry, and its shown in the fact that
only primary fields are quantized. A general CFT will satisfy the following properties (see [10] for calculations in
CFT2):

• For any primary field Ô(x) of dimension hO 6= 0

〈Ô(x)〉 = 0.

• For any pair of primary fields Ôi(xi), Ôj(xj) of conformal dimensions (hi, hj):

〈Ôi(xi)Ôj(xj)〉 = δhi,hj
dij
|rij |2h

,

where h = f(hi, hj) and rij = |xi − xj |.

• For any triplet of primary fields

〈Ô1(x1)Ô2(x2)Ô3(x3)〉 =
C123

(r1,2)h12(r1,3)h13(r2,3)h23
,

where hij is a function of hi and hj , and C123 can be completelly determined by the properties of the primary
fields involved.

• For higher n-points function with n > 3 can be computed with (n− 3) 3-points functions of the fields.

Hence a CFT is completelly determined by the set of primary fields and the coeficients3 dij and C123. This implies
also that a classical action is not required to define a CFT: with a set of primary fields and the structure constants, the
theory is solvable. In particular a 2d-CFT, because the algebra of ifinitesimal transformations is infinite dimensional,
is exactly solvable.

5.3 CFT in the boundary of AdS spacetime.

In global coordinates its obvious that the boundary of AdS spacetime is conformally equivalent to R×Sd−1. Parametrize
ρ = π

2 − εf(t, Ω̂i) for a smooth function f , we can aproach the boundary by expanding in power series:

ds2 = cos−2 ρ(dt2 − sin2(ρ)dΩ2
d−1) ≈ (εf)−2(dt2 − (1− εf)2dΩd−1) ≈ f−2(dt2 − dΩ2

d−1);

and by a Weyl transformation we can drop the conformal factor, obtaining a flat metric. It is usual choose as
f = e−t

Lets φ(t, ρ, Ω̂i) be a field in the bulk. We can define the dual operator on the boundary as:

O(t, Ω̂i) ≡ lim
ε→0

φ(t, ρ, Ω̂i)

ε∆
, (7)

where ∆ is the corresponding energy of the primary state of the field. We can compute the form of the dual operator
for the solution defined in (5):

O(t, Ω̂i) =
∑
n,L

N(e−(2∆+2n+l)tYl,J(Ω)an,l + e(2n+l)tY †l,J(Ω)a†n,l.

3In fact, those coefficents are related as Cijk = dilC
l
jk where Ca

bc are called structure constants and are related with the Operator

Product Expansion (OPE) of the fields. This structure constants can be determined by conformal invariance.
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From a general QFT we know that 〈φ(x)φ(y)〉 ∼ e−∆d(X,Y ) being d(X,Y ) the geodesic distance between X and Y and
∆ the energy of the ground state of φ. Consider two points diametrically opposed in AdS in the same time section,
their geodesic distance is d = 2

∫
dρ sec(ρ) = 2 log(tan(ρ) + sec(ρ)) ∼ 2log(ρ) ∼ 2t − 2log(ε) as they approach to the

boundary. We can compute the correlator of the dual operators in virtue of lineality (aand continuity of the Hilbert
space:

〈φ(X)φ(Y )〉 ∼ e−2∆(t−log(ε)) ⇒

〈O(X)O(Y )〉 = lim
ε→0

〈φ(X)φ(Y )〉
e2∆

∼ lim
ε→0

e−2∆(t−log(ε))

ε2∆
= lim
ε→0

e−2∆tε2∆

ε2∆
=

1

e∆t
=

1

(x1 − x2)2∆
,

where in the last step we reffer to the points in the boundary xi = Ae−t. This is, exactly, the form of a 2-point
correlator in a CFT.

6 Conclusions

We have seen that the algebra of isometries of an AdS spacetime is isomorphic to the group of conformal transfor-
mations. Furthermore we have seen that defined a field in the conformal compactification of an AdS spacetime in
d + 1 dimensions the 2-points corralation function is equivalent to the correlation function of their dual fields in the
boundary of the spacetime, which is, by itself, a conformally flat spacetime in d dimensions. Far to be a proof, this is
a clue of a possible correspondence between a theory of quantum gravity formulated in an AdS and a CFT without
gravity in ∂AdS.

With this dual description of a quantum gravity theory, the loss information problem, which leads to a loss of unitarity,
is partially solved. Unknowing the specific mechanisms that protects unitarity, information is conserved. In the case
the AdS/CFT were correct, the problem lays then in understanding the way the unitarity is conserved.

In a general view, AdS/CFT correspondence could provide us of a tool to solve certain problems involving non-linearity.
That is why this concept of dual description of a physical theory is being implementid in other branches of physics
such us condense matter theory (AdS/CMT) or fluid dynamics (AdS/Hydrodinamics). In the case we could find a
(UV-)complete description of quantum gravity in an asymptotically anti-deSitter spacetime, the correspondence will
let us to calculate its spectrum of observables.
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