
RELATIVITY AND COSMOLOGY I

Problem Set 7 15 November 2013

1. The quadrupole formula

1. Consider an isolated source of non-relativistic matter of mass small enough to
neglect its gravitational self-interaction. Show that the spacial components of
the metric perturbation as seen by an observer far away from the source are
given by

h̃ij(t,x) =
2G

r
Ïij(tr) ,

with Ïij the second time derivative of the quadrupole moment of the source

Iij(t) ≡
∫
d3x′ x′ix′jT 00(t,x′) ,

evaluated at the retarded time tr = t− r, with r the distance from the center
of mass of the source to the observer.

Indication: We are dealing with oscillatory phenomena, so it is convenient to
work in Fourier space. Given a function f(t,x), its Fourier transform with
respect to time is

f̂(ω,x) =

∫
dt√
2π
eiωtf(t,x) , f(t,x) =

∫
dω√
2π
e−iωtf̂(ω,x) .

Write the metric perturbation

h̃µν(t,x) = 4G

∫
d3x′

Tµν(t− |x− x′|,x′)
|x− x′|

,

in Fourier space, and do a multipole expansion of eiω|x−x′|

|x−x′| , to find at first order

ˆ̃hµν(ω,x) = 4G
eiωr

r

∫
d3x′ T̂µν(ω,x

′) .

Is the multipole expansion justified ?

Impose the Fourier space analog of the harmonic gauge condition to find how

the components of the metric perturbation ˆ̃hµν(ω,x) are related to each other.
Use the conservation of energy-momentum tensor (again in Fourier space) to
show that ∫

d3x′ T̂ ij(ω,x′) = −ω
2

2

∫
d3x′ x′ix′jT̂ 00(ω,x′) .
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2. Consider now the case of a binary star system, i.e. two stars orbiting around
each other. For simplicity assume that the two stars have mass M and are
moving in a circular orbit in the x−y plane, at distance R from their common
center of mass. Show that

h̃ij(t,x) =
8GM

r
Ω2R2

− cos 2Ωtr − sin 2Ωtr 0
− sin 2Ωtr cos 2Ωtr 0

0 0 0

 ,

where Ω is the angular frequency of the orbit.

Indication: Treat the motion of the stars in the Newtonian approximation.

3. Use the above result to estimate the amplitude of gravitational waves produced
by a pair of two neutron stars with masses 1.4M�. Assume that they are
located near the center of the Virgo galactic cluster (∼ 15 Mpc away) and
moving around each other in a circular orbit of 20 km radius, with an orbital
frequency of 400 Hz.

2. Shapiro Time Delay

One of the classical tests of General Relativity is the so-called Shapiro time delay.
Radio signals passing near the gravitational field of a massive object take slightly
longer to reach and return to a target than what they would do in the absence of
gravitation. Consider two stations A and B which are located at large distances from
the object. Find the total proper time required for a round-trip of a signal from A
to B, as measured from A. The impact parameter is b.
Indication: Assume that A and B are stationary relative to the object. The spatial
coordinates of the stations A and B are respectively (b, 0, zA) and (b, 0, zB), with
zA < 0, zB > 0, and |zA|, |zB| � b.
Useful relations : ∫

dζ√
1 + ζ2

= sinh−1 ζ ≡ log(ζ +
√

1 + ζ2) ,

log

(
z

b
+

√
1 +

z2

b2

)
≈

{
log 2z

b
, for z > 0 ,

− log 2|z|
b
, for z < 0 .
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