
RELATIVITY AND COSMOLOGY I

Problem Set 2 27 September 2013

1. The light cone

Show that :

1. If two events are separated by a spacelike interval, there exist an inertial frame
in which they are simultaneous, but not one in which they occur at the same
spatial point.

2. If two events are separated by a timelike interval, there exist an inertial frame
in which they occur at the same spatial point, but not one in which they are
simultaneous.

2. Relative velocities

Consider two frames moving with 3-velocities v1 and v2. Show that their relative
velocity v is given by

v2 =
(v1 − v2)2 − (v1 × v2)2

(1− v1 · v2)2
.

3. Covariance

Consider a particle of mass m and 4-momentum pµ as seen by an observer with
4-velocity uµ. Show that the energy measured by that observer is given by

E = −pµuµ .

4. The Compton effect

Consider the scattering γ + e− → γ + e− between a photon and an electron at rest
in the lab frame. Show that, in natural units, the relation between the energies of
the incoming (E) and outgoing photons (E ′) is given by

1

E ′
− 1

E
=

1

me

(1− cos θ) ,

where θ is the angle between their incoming and outgoing momenta. Restore the
factors ~ and c.
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5. The Greisen-Zatsepin-Kuz’min cutoff

Consider a proton with very high energy coming from somewhere far away in the
Universe. On the way towards the Earth, it encounters photons form the Cosmic
Microwave Background (CMB). This background is in thermal equilibrium and has
a temperature TCMB ' 2.7 K. If the proton is sufficiently energetic, the collisions

γCMB + p→ ∆+ → p+ π0 or γCMB + p→ ∆+ → n+ π+ ,

can produce a pion of mass mπ ' 135 MeV, decreasing with it the proton energy.
∆+ is just an intermediate state with mass m∆ ' 1.23 GeV. This fact is known as
the GZK effect and limits the energy of cosmic ray protons (of sufficiently far away
sources) that can be received on Earth, cf. Fig.1. Estimate the threshold energy for
this reaction to happen (GZK cutoff). Compare it with the typical LHC collision
energy. Indication: 1 eV ' 1.6× 104 K.

Figure 1 – The cosmic-ray energy spectrum.

6. Inverse Compton effect

The Compton scattering studied in the previous problem always results in an energy
loss for the photon. The inverse situation is also possible and is known as inverse
Compton scattering. An observationally relevant example of inverse Compton scat-
tering is the so-called Sunyaev-Zel’dovich effect, in which Cosmic Microwave Back-
ground (CMB) photons gain energy as they scatter off the gas of free electrons exis-
ting in galaxy clusters. Assuming the typical temperature of this gas to be around
T ∼ 107 GeV, estimate the energy increase of a CMB photon which, in its way to
us, collides with an electron in this gas. Consider a head-on collision.
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