
RELATIVITY AND COSMOLOGY I

Problem Set 1 20 September 2013

1. Planck units

Using G, ~ and c, construct three quantities with dimensions of time, mass and
length, and evaluate them numerically. The obtained scales are the so-called Planck
time, mass and length.

2. When does gravity become important ?

Gravity is the weakest of the fundamental interactions. This can easily understood
by simply computing the ratio of the gravitational force (FG) to the electrical force
(FE) between a proton and an electron. Since both of them are inverse squared
interactions, the result is independent of the separation between the two particles

FG

FE

∼ Gmpme

e2
,' 10−40

which implies that we can safely neglect the effect of gravity when dealing for ins-
tance with atomic physics. However, contrary to the electromagnetic interaction,
gravity is always additive and therefore will be the dominant interaction at suffi-
ciently long distances, since the electric forces tend to average each other out.
Estimate the critical mass and size for an asteroid to become spherical. Compare
the result with the asteroids in the solar system.
Hint: Assume the asteroid to be composed of iron, nickel or silicon (Ā ' 45) and to
have an average mass density ρ̄ ' 4.5 g/cm3.
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3. Some quick index gymnastics :

1. Give some examples of tensor equations consistent and inconsistent with the
Einstein’s summation convention.

2. Which is the value of δii in 3 dimensions ? And in n dimensions ?

3. Show that δij is an isotropic second rank tensor, i.e. it transforms as a ten-
sor and δij = δ̄ij in any two coordinate systems related by rotations (and
reflections).

4. Prove that the sum (or difference) of two like-tensors is a tensor of the same
kind.

5. Prove that the product of two tensors of rank s and t transforms as a tensor
of rank (s+ t).

6. Completely symmetric and antisymmetric rank-2 tensors satisfy Tij = ±Tji,
where the plus sign stands for the symmetric and the minus sign for the an-
tisymmetric one. Show that, if Sij is a rank-2 symmetric tensor and Aij is a
rank-2 antisymmetric tensor, then SijA

ij = 0. How does the result depend on
the rank of the tensors ?

7. Consider a rank-2 covariant antisymmetric tensor in a given inertial frame. Is
the antisymmetry preserved under rotations ?

8. Show that, if Sij is symmetric and Bij is arbitrary, SijB
ij = 1

2
Sij (Bij +Bji).

9. Show that, ifAij is antisymmetric andBij is arbitrary,AijB
ij = 1

2
Aij (Bij −Bji).

10. How many independent components has an arbitrary rank-r tensor in a n-
dimensional spacetime ?

11. How many independent components has a rank-r tensor that in symmetric on
s of its indices in a n-dimensional spacetime ?

12. How many independent components has a rank-r tensor that is antisymmetric
on a of its indices in a n-dimensional spacetime ? What happens when a > n ?

4. The quotient theorem

Show that if the expression Ti = RjS
j
i is invariant under coordinate transformations

and Ti and Rj are tensors, then Sj
i is a tensor. Generalize the result.
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5. The permutation symbol

The permutation symbol

εijk =


+1 if ijk is an even permutation of 123 ,

−1 if ijk is an odd permutation of 123 ,

0 otherwise ,

flips the sign upon the interchange of any pair of indices and vanishes when two of
the indices are equal.

1. Consider two vectors Ui and Vj. Write out all the components of εijkU
jV k. Do

you recognize the result ?

2. Check that εijkε
i
lm = δjlδkm − δjmδkl.

Hint: What else could the right-hand side be ?

3. Prove that εijkε
ijk = 3!

4. Prove the equality W × (U×V) = U (W ·V) − V (W ·U) using tensor
notation.

5. Prove the equality ∇×∇×U = ∇ (∇ ·U)−∇2U using tensor notation.

6. Write down Maxwell’s equations

∇× E + ∂tB = 0 , ∇ ·B = 0 ,
∇ · E = ρ , ∇×B− ∂tE = J ,

in terms of Cartesian tensors.
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